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In many dynamical probes of a quantum system, quite often multiple eigenmodes are excited.
Therefore, the experimental data can be quite messy due to the mixing of different modes, as well
as the background noise, despite that each mode manifests itself as a single frequency oscillation.
Here we develop an unsupervised machine learning algorithm to extract the frequencies of these
oscillations from such measurement data, that is, the eigenenergies of these modes. This method is
particularly useful when the measurement time is not long enough to perform the Fourier transfor-
mation. Our method is inspired by the independent component analysis method and its application
to the “cocktail party problem”. In that problem, the goal is to recover each voice from detectors
that detect signals of many mixed voices, and the principle is to find out signals that possess features
and are away from a Gaussian distribution. Instead, our generalization is to find out signals that are
close to a single frequency oscillation. We demonstrate the advantage of our method by an example
of analyzing the collective mode of cold atoms. We believe this method can find broad applications
in analyzing data from dynamical experiments in quantum systems.
In quantum systems, eigen-modes have discrete eigen-
energies, and each eigen-mode with a fixed eigen-energy
manifests itself as a single-frequency oscillation in a dy-
namical probe. The frequency of the oscillation, up to
an ~, is the eigen-energy of the eigen-mode. Therefore
it is quite common task in many quantum physics ex-
periments to extract a single-frequency oscillation from
dynamical measurements. If the measurement can be
performed for sufficient long time, the frequency can be
determined by the Fourier transformation. However, in
many cases it is not possible to perform a long time mea-
surement, either because the oscillation quickly damps
out, or because the lifetime of the system is limited. An
alternative way commonly used in practice is to fit the
dynamics with a damped harmonic oscillator. Never-
theless, it is quite often that the probe excites multiply
modes with different frequencies, and some times the os-
cillation is also embedded in noisy signals, therefore the
fitting becomes not so reliable. Thus, when the mea-
surement time is short, and the data contains multiple
frequencies and is noisy, the task of extracting single-
frequency oscillation becomes quite challenging. The
purpose of this letter is to design a machine learning al-
gorithm to solve this problem.
To start with, let us first briefly review the indepen-
dent component analysis (ICA) [1]and its application to
the classical “cocktail party problem”[2]. The “cocktail
party problem” considers N -number of sources of voices,
each of which is a sequence of data denoted by si(t), (i =
1, . . . , N), and M -number of detectors with M > N , each
of which obtains a signal xj(t), (j = 1, . . . ,M) as a linear
combination of all si(t). That is to say, there is a M ×N
matrix A such that
xj(t) =
∑
i
Ajisi(t). (1)
The matrix A is unknown and is assumed to be inde-
pendent of t, and the goal is to find out A−1 such that
one can recover each voice si(t) from the signals obtained
by the detectors {xj(t), (j = 1, . . . ,M)}. The aforemen-
tioned problem in a quantum system is actually the same
as the “cocktail party problem”. Each single frequency
oscillation from a given eigen-mode can be viewed as a
source si(t), and several different measurements xj(t) ob-
tain several different superpositions of si(t). To extract
the frequency or eigen-energy of each mode, one first
needs to recover si(t) from the measurements {xj(t)}.
What lies behind the ICA application of this prob-
lem is the central limit theorem[3]. For each signal,
when we perform statistics over certain duration of t,
we can obtain the distribution for each signal, which al-
ways possesses certain feature. The central limit theo-
rem says that when one adds up many such signals to-
gether, the distribution of xj(t) will approach a Gaus-
sian distribution and looks like a noise. The signal
with Gaussian distribution displays maximum entropy
for given mean and variance. Thus, the working princi-
ple of ICA is to find out A−1 such that the distribution
of si(t) = (A
−1)ijxj(t) deviates from a Gaussian distri-
bution as far as possible, or in a more quantitative de-
scription, that the entropy of si(t) =
∑
j(A
−1)ijxj(t) is
as small as possible.
To be more precise, we first normalize the data xj(t)
such that its mean value x¯j(t) = 0 and its covariance
matrix X†X = I, where the statistics is performed over
a sufficiently long duration of t. We further require
A†A = I, which ensures the mean value of si(t) is also
zero and its variance also equals one. By performing
statistics over t, for a given sequence s(t), one can ob-
tain its distribution P[s, u], where u is the range of s(t).
Then, we can compute the entropy of a given sequence
s(t) as
H[s] = −
∫
P[s, u] logP[s, u]du. (2)
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2If sGau is a sequence obeying a Gaussian distribution with
zero mean and unity variance, H[sGau] =
1
2 − 12 log 12pi is
the entropy maximum for sequences with same mean and
variance. Hence, the ICA method is to find out A−1 such
that for each si(t) =
∑
j(A
−1)ijxj(t),
J [si] = H[sGau]−H[si] (3)
is maximized. In practices, since it is hard to directly
compute P[s, u], several formula have been proposed to
approximate H[s][4].
Below we will apply the ICA method to a dynami-
cal probe which excites three different modes, mixed to-
gether with background noise. We will see that the ICA
method can work but the outcome is not ideal. The rea-
son that it does not work well can also be understood.
Because the ICA only assumes that the signal has cer-
tain feature but does not full explore what exactly the
feature is. This is good for original “cocktail party prob-
lem” because it does not require prior knowledge of each
voice. However, as discussed above, in our quantum
problem each eigen-mode has a fixed energy and man-
ifests as a single frequency oscillation, but this feature
of being single frequency oscillation is not utilized in the
ICA method above. Therefore, the main result of this
work is to present a generalized ICA method that aims
at finding out signal of single frequency oscillation, short-
noted as s-ICA.
s-ICA. In short, let us consider a reference signal sref =√
2 cos(ωt). Here
√
2 is chosen to ensure that the variance
equals one. The ICA method is to find out an A−1 such
that each si =
∑
j(A
−1)ijxj is away from sGau as much
as possible; and our s-ICA method is to find out an A−1
such that each si =
∑
j(A
−1)ijxj is close to sref as much
as possible.
To quantify how si is close to sref, instead of using
entropy we consider a quantity called the cumulants[5].
The cumulants is defined as
K[s, z] = log(〈ezs(t)〉), (4)
where 〈. . . 〉 means performing average over a certain du-
ration of t. For sref, it is straightforward to compute
P[sref, u] = 1
pi
1√
2− u2 , (5)
for −√2 < u < √2, and otherwise P[sref, u] = 0, and
then
〈ezsref(t)〉 =
∫
P[sref, u]eizudu = I0(
√
2z), (6)
and
K[sref, u] = log(I0(
√
2z)). (7)
It is very important to acknowledge that P[sref, u], and
consequently, K[sref, u], is independent of the frequency
ICA s-ICA
Goal Extracting source
with certain feature
Extracting source that is
a single frequency oscil-
lation
Loss
Function
Minimizing entropy Minimizing the cumu-
lants with respect to the
cumulants of single fre-
quency oscillation
Statistics Over sufficiently long
time
Over integer times of pe-
riod (reach by iteration)
TABLE I. A comparison between ICA method and our gen-
eralized ICA method, in term of the goal, the loss function
and the time period for performing statistics of the data.
ω. Thus we can use K[sref, u] as a reference to quantify
how close si is to sref without knowing the value of ω as
a prior. In principle, we should require K[s, z] to be close
to K[sref, z] for all z. In practices, we consider a set of
{zi}, i = 1, . . . , L, and define the loss function as
L[s] =
L∑
i=1
(K[s, zi]−K[sref, zi])2. (8)
Therefore, our s-ICA method is to find out A−1 such that
L[∑j(A−1)ijxj ] is minimized.
There is one subtlety in s-ICA. The analytical form Eq.
7 crucially relies on the distribution function Eq. 5 for
sref, but Eq. 5 is correct only when the statistics is per-
formed over a duration that is an integer times of the pe-
riod 2pi/ω. Thus, when we calculate K[∑j(A−1)ijxj , z],
the statistics for all xj also needs to be carried out for
the time interval being integer times of 2pi/ω, otherwise
K[s, z] always can not perfectly converge to K[sref, z].
Hence, it enters a paradox. Since the goal is to sepa-
rate out a single frequency oscillation to determine the
frequency ω, ω is not known before analyzing. To solve
this problem, our s-ICA method requires performing the
minimization of L[s] iteratively. That is to say, we first
choose an arbitrary period of t to perform statistics for
xj , with which we minimize L[
∑
j(A
−1)ijxj ] to find out
a s
(1)
i (t). Although s
(1)
i (t) is not a perfect single fre-
quency oscillation because of this reason, we can still
roughly determine a frequency ω
(1)
i . Then we perform
statistics for xj with time duration 2pi/ω
(1)
i and minimize
L[∑j(A−1)ijxj ] to find out a s(2)i (t). s(2)i (t) will be more
close to a single frequency oscillation than s
(1)
i (t), from
which we can determine a frequency ω
(2)
i . We can con-
tinue the procedure until we obtain a very good single
frequency signal after k-steps and the frequency deter-
mined at each step also converges. This completes our
s-ICA method. A comparison between ICA and our gen-
eralized s-ICA method is shown in Fig. I.
Analyzing Collective Modes of a BEC. As a demon-
stration of our method, we apply our method to ana-
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(f)
<latexit sha1_base64="mS4kfAIg+oIthMNzbtRdl1nMY94=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdR vPaHSPJYPZpygH9GB5CFn1Fjpvhqe9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3Uh Jd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/4IjSI=</latexit><latexit sha1_base64="mS4kfAIg+oIthMNzbtRdl1nMY94=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdR vPaHSPJYPZpygH9GB5CFn1Fjpvhqe9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3Uh Jd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/4IjSI=</latexit><latexit sha1_base64="mS4kfAIg+oIthMNzbtRdl1nMY94=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdR vPaHSPJYPZpygH9GB5CFn1Fjpvhqe9soVt+bOQJZJPScVyNHslb+6/ZilEUrDBNW6U3cT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3Uh Jd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI9cWXl4l3VruquXfnlcZ1nkYRjuAYqlCHC2jALTTBAwYDeIZXeHOE8+K8Ox/z1oKTzxzCHzifP/4IjSI=</latexit>
(g)
<latexit sha1_base64="vYc4ydLS+qIuQHB46z 5ZVhmFHD4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pmu0mXbnbD7kYooT/ BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNO RPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRIcCxYxgo2V7uvxab9acxvuDGiZeAWpQYFWv/rVG0iS JVQYwrHWXc9NTZBjZRjhdFLpZZqmmIxwTLuWCpxQHeSzUyfoxCoDFEllSxg0U39P5DjRepyEtjPBZqg Xvan4n9fNTHQZ5EykmaGCzBdFGUdGounfaMAUJYaPLcFEMXsrIkOsMDE2nYoNwVt8eZn4Z42rhnt3X mteF2mU4QiOoQ4eXEATbqEFPhCI4Rle4c3hzovz7nzMW0tOMXMIf+B8/gD/jI0j</latexit><latexit sha1_base64="vYc4ydLS+qIuQHB46z 5ZVhmFHD4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pmu0mXbnbD7kYooT/ BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNO RPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRIcCxYxgo2V7uvxab9acxvuDGiZeAWpQYFWv/rVG0iS JVQYwrHWXc9NTZBjZRjhdFLpZZqmmIxwTLuWCpxQHeSzUyfoxCoDFEllSxg0U39P5DjRepyEtjPBZqg Xvan4n9fNTHQZ5EykmaGCzBdFGUdGounfaMAUJYaPLcFEMXsrIkOsMDE2nYoNwVt8eZn4Z42rhnt3X mteF2mU4QiOoQ4eXEATbqEFPhCI4Rle4c3hzovz7nzMW0tOMXMIf+B8/gD/jI0j</latexit><latexit sha1_base64="vYc4ydLS+qIuQHB46z 5ZVhmFHD4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFY0dhCG8pmu0mXbnbD7kYooT/ BiwcVr/4jb/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy0zRahPJJeqE2JNO RPUN8xw2kkVxUnIaTsc3Uz99hNVmknxYMYpDRIcCxYxgo2V7uvxab9acxvuDGiZeAWpQYFWv/rVG0iS JVQYwrHWXc9NTZBjZRjhdFLpZZqmmIxwTLuWCpxQHeSzUyfoxCoDFEllSxg0U39P5DjRepyEtjPBZqg Xvan4n9fNTHQZ5EykmaGCzBdFGUdGounfaMAUJYaPLcFEMXsrIkOsMDE2nYoNwVt8eZn4Z42rhnt3X mteF2mU4QiOoQ4eXEATbqEFPhCI4Rle4c3hzovz7nzMW0tOMXMIf+B8/gD/jI0j</latexit>
(i)
<latexit sha1_base64="np9nkhp2wfU1GDX+6EMyV3oDde8=">AAAB6XicbVBNS8N AEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoG W4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvspPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pC Z+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCe XHenY95a8HJZw7hD5zPHwKjjSU=</latexit><latexit sha1_base64="np9nkhp2wfU1GDX+6EMyV3oDde8=">AAAB6XicbVBNS8N AEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoG W4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvspPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pC Z+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCe XHenY95a8HJZw7hD5zPHwKjjSU=</latexit><latexit sha1_base64="np9nkhp2wfU1GDX+6EMyV3oDde8=">AAAB6XicbVBNS8N AEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoG W4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvspPe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pC Z+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFprgAYMBPMMrvDnCe XHenY95a8HJZw7hD5zPHwKjjSU=</latexit>
(j)
<latexit sha1_base64="C94ehCkP64XZF3H2 CEijI1+C0wA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmu2nXbjZhd yKU0J/gxYOKV/+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWl5ZXVteJ6aWNza3unvLt3b+JUM+6 xWMa6HVDDpVDcQ4GStxPNaRRI3gpGV1O/9ci1EbG6w3HC/YgOlAgFo2il2+rDca9ccWvuDOQvqe ekAjmavfJntx+zNOIKmaTGdOpugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJT P05kdHImHEU2M6I4tAselPxP6+TYnjuZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCm U7Ih1Bdf/ku8k9pFzb05rTQu8zSKcACHUIU6nEEDrqEJHjAYwBO8wKsjnWfnzXmftxacfGYffsH 5+AYEJ40m</latexit><latexit sha1_base64="C94ehCkP64XZF3H2 CEijI1+C0wA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmu2nXbjZhd yKU0J/gxYOKV/+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWl5ZXVteJ6aWNza3unvLt3b+JUM+6 xWMa6HVDDpVDcQ4GStxPNaRRI3gpGV1O/9ci1EbG6w3HC/YgOlAgFo2il2+rDca9ccWvuDOQvqe ekAjmavfJntx+zNOIKmaTGdOpugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJT P05kdHImHEU2M6I4tAselPxP6+TYnjuZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCm U7Ih1Bdf/ku8k9pFzb05rTQu8zSKcACHUIU6nEEDrqEJHjAYwBO8wKsjnWfnzXmftxacfGYffsH 5+AYEJ40m</latexit><latexit sha1_base64="C94ehCkP64XZF3H2 CEijI1+C0wA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmu2nXbjZhd yKU0J/gxYOKV/+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWl5ZXVteJ6aWNza3unvLt3b+JUM+6 xWMa6HVDDpVDcQ4GStxPNaRRI3gpGV1O/9ci1EbG6w3HC/YgOlAgFo2il2+rDca9ccWvuDOQvqe ekAjmavfJntx+zNOIKmaTGdOpugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJT P05kdHImHEU2M6I4tAselPxP6+TYnjuZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCm U7Ih1Bdf/ku8k9pFzb05rTQu8zSKcACHUIU6nEEDrqEJHjAYwBO8wKsjnWfnzXmftxacfGYffsH 5+AYEJ40m</latexit>
(k)
<latexit sha1_base64="yqaANN/HexFu6nmC06iDEoEYdNE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBa hXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvjo6 7ZUrbs2dgSyTek4qkKPZK391+zFLI5SGCap1p+4mxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUJOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCS/9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKd kQ6osvLxPvrHZVc+/OK43rPI0iHMExVKEOF9CAW2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAFq40n</latexit><latexit sha1_base64="yqaANN/HexFu6nmC06iDEoEYdNE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBa hXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvjo6 7ZUrbs2dgSyTek4qkKPZK391+zFLI5SGCap1p+4mxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUJOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCS/9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKd kQ6osvLxPvrHZVc+/OK43rPI0iHMExVKEOF9CAW2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAFq40n</latexit><latexit sha1_base64="yqaANN/HexFu6nmC06iDEoEYdNE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBa hXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpvjo6 7ZUrbs2dgSyTek4qkKPZK391+zFLI5SGCap1p+4mxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUJOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCS/9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKd kQ6osvLxPvrHZVc+/OK43rPI0iHMExVKEOF9CAW2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAFq40n</latexit> (l)
<latexit sha1_base64="NxjhHhU11VPiOrmF5q1rjNQamT0=">AAAB6XicbVBNS 8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6A aBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvipOe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq /RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFpr gAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPHwcvjSg=</latexit><latexit sha1_base64="NxjhHhU11VPiOrmF5q1rjNQamT0=">AAAB6XicbVBNS 8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6A aBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvipOe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq /RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFpr gAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPHwcvjSg=</latexit><latexit sha1_base64="NxjhHhU11VPiOrmF5q1rjNQamT0=">AAAB6XicbVBNS 8NAEJ3Ur1q/qh69LBahXkoqgnorevFY0dhCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6A aBZfoGW4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvipOe+WKW3NnIMuknpMK5Gj2yl/dfszSCKVhgmrdqbuJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq /RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjaE+uLLy8Q7q13V3LvzSuM6T6MIR3AMVajDBTTgFpr gAYMBPMMrvDnCeXHenY95a8HJZw7hD5zPHwcvjSg=</latexit>
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<latexit sha1_base64="jGnXZhxV3WyG61Z0ZXAeteKzvWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBa hXkoqgnorevFY0dhCG8pmu2mXbjZhdyKU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/g0cSpZtxjsYx1O6CGS6G4hwIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK99Xh aa9ccWvuDGSZ1HNSgRzNXvmr249ZGnGFTFJjOnU3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKd kQ6osvLxPvrHZVc+/OK43rPI0iHMExVKEOF9CAW2iCBwwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwABH40k</latexit><latexit sha1_base64="jGnXZhxV3WyG61Z0ZXAeteKzvWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBa hXkoqgnorevFY0dhCG8pmu2mXbjZhdyKU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/g0cSpZtxjsYx1O6CGS6G4hwIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK99Xh aa9ccWvuDGSZ1HNSgRzNXvmr249ZGnGFTFJjOnU3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKd kQ6osvLxPvrHZVc+/OK43rPI0iHMExVKEOF9CAW2iCBwwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwABH40k</latexit><latexit sha1_base64="jGnXZhxV3WyG61Z0ZXAeteKzvWI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBa hXkoqgnorevFY0dhCG8pmu2mXbjZhdyKU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/g0cSpZtxjsYx1O6CGS6G4hwIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK99Xh aa9ccWvuDGSZ1HNSgRzNXvmr249ZGnGFTFJjOnU3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKd kQ6osvLxPvrHZVc+/OK43rPI0iHMExVKEOF9CAW2iCBwwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwABH40k</latexit>
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2⇡/!1
<latexit sha1_base64="ewO7NrCGtxnVaZ kJkZie2zwvZ3Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4qkkR1FvRi8cKxhaaUDbbTb t0dxN3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/c nD4qJNMEeqThCeqHWFNOZPUN8xw2k4VxSLitBUNb6d+a0SVZol8MOOUhgL3JYsZwcZKYT1 I2XmQCNrHXa9bqbo1dwa0TLyCVKFAs1v5CnoJyQSVhnCsdcdzUxPmWBlGOJ2Ug0zTFJMh7t OOpRILqsN8dvQEnVqlh+JE2ZIGzdTfEzkWWo9FZDsFNgO96E3F/7xOZuKrMGcyzQyVZL4o zjgyCZomgHpMUWL42BJMFLO3IjLAChNjcyrbELzFl5eJX69d19z7i2rjpkijBMdwAmfgwSU 04A6a4AOBJ3iGV3hzRs6L8+58zFtXnGLmCP7A+fwBU6SRWg==</latexit><latexit sha1_base64="ewO7NrCGtxnVaZ kJkZie2zwvZ3Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4qkkR1FvRi8cKxhaaUDbbTb t0dxN3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/c nD4qJNMEeqThCeqHWFNOZPUN8xw2k4VxSLitBUNb6d+a0SVZol8MOOUhgL3JYsZwcZKYT1 I2XmQCNrHXa9bqbo1dwa0TLyCVKFAs1v5CnoJyQSVhnCsdcdzUxPmWBlGOJ2Ug0zTFJMh7t OOpRILqsN8dvQEnVqlh+JE2ZIGzdTfEzkWWo9FZDsFNgO96E3F/7xOZuKrMGcyzQyVZL4o zjgyCZomgHpMUWL42BJMFLO3IjLAChNjcyrbELzFl5eJX69d19z7i2rjpkijBMdwAmfgwSU 04A6a4AOBJ3iGV3hzRs6L8+58zFtXnGLmCP7A+fwBU6SRWg==</latexit><latexit sha1_base64="ewO7NrCGtxnVaZ kJkZie2zwvZ3Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4qkkR1FvRi8cKxhaaUDbbTb t0dxN3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/c nD4qJNMEeqThCeqHWFNOZPUN8xw2k4VxSLitBUNb6d+a0SVZol8MOOUhgL3JYsZwcZKYT1 I2XmQCNrHXa9bqbo1dwa0TLyCVKFAs1v5CnoJyQSVhnCsdcdzUxPmWBlGOJ2Ug0zTFJMh7t OOpRILqsN8dvQEnVqlh+JE2ZIGzdTfEzkWWo9FZDsFNgO96E3F/7xOZuKrMGcyzQyVZL4o zjgyCZomgHpMUWL42BJMFLO3IjLAChNjcyrbELzFl5eJX69d19z7i2rjpkijBMdwAmfgwSU 04A6a4AOBJ3iGV3hzRs6L8+58zFtXnGLmCP7A+fwBU6SRWg==</latexit>
4⇡/!1
<latexit sha1_base64="rodO1wUXUJ7soS yb7H8S0VZb0T4=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4qokU1FvRi8cKxhaaUDbbSb t0Nxt3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/c nD4qGWmKPhUcqnaEdHAWQK+YYZDO1VARMShFQ1vp35rBEozmTyYcQqhIP2ExYwSY6WwHqT sPJAC+qTrdStVt+bOgJeJV5AqKtDsVr6CnqSZgMRQTrTueG5qwpwowyiHSTnINKSEDkkfOp YmRIAO89nRE3xqlR6OpbKVGDxTf0/kRGg9FpHtFMQM9KI3Ff/zOpmJr8KcJWlmIKHzRXHG sZF4mgDuMQXU8LElhCpmb8V0QBShxuZUtiF4iy8vE/+idl1z7+vVxk2RRgkdoxN0hjx0iRr oDjWRjyh6Qs/oFb05I+fFeXc+5q0rTjFzhP7A+fwBVsKRXA==</latexit><latexit sha1_base64="rodO1wUXUJ7soS yb7H8S0VZb0T4=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4qokU1FvRi8cKxhaaUDbbSb t0Nxt3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/c nD4qGWmKPhUcqnaEdHAWQK+YYZDO1VARMShFQ1vp35rBEozmTyYcQqhIP2ExYwSY6WwHqT sPJAC+qTrdStVt+bOgJeJV5AqKtDsVr6CnqSZgMRQTrTueG5qwpwowyiHSTnINKSEDkkfOp YmRIAO89nRE3xqlR6OpbKVGDxTf0/kRGg9FpHtFMQM9KI3Ff/zOpmJr8KcJWlmIKHzRXHG sZF4mgDuMQXU8LElhCpmb8V0QBShxuZUtiF4iy8vE/+idl1z7+vVxk2RRgkdoxN0hjx0iRr oDjWRjyh6Qs/oFb05I+fFeXc+5q0rTjFzhP7A+fwBVsKRXA==</latexit><latexit sha1_base64="rodO1wUXUJ7soS yb7H8S0VZb0T4=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4qokU1FvRi8cKxhaaUDbbSb t0Nxt3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/c nD4qGWmKPhUcqnaEdHAWQK+YYZDO1VARMShFQ1vp35rBEozmTyYcQqhIP2ExYwSY6WwHqT sPJAC+qTrdStVt+bOgJeJV5AqKtDsVr6CnqSZgMRQTrTueG5qwpwowyiHSTnINKSEDkkfOp YmRIAO89nRE3xqlR6OpbKVGDxTf0/kRGg9FpHtFMQM9KI3Ff/zOpmJr8KcJWlmIKHzRXHG sZF4mgDuMQXU8LElhCpmb8V0QBShxuZUtiF4iy8vE/+idl1z7+vVxk2RRgkdoxN0hjx0iRr oDjWRjyh6Qs/oFb05I+fFeXc+5q0rTjFzhP7A+fwBVsKRXA==</latexit>
4⇡/!2
<latexit sha1_base64="JIyvaB3vX+P5F0JVq3VV2ckvQZ0=">AAAB83icbVBNTwIxEO3 iF+IX6tFLIzHxhAshUW9ELx4xcYWE3ZBumYWGtru2XRKy4Xd48aDGq3/Gm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uHRo45TRcGjMY9VJyQaOJPgGWY4dBIFRIQc 2uHodua3x6A0i+WDmSQQCDKQLGKUGCsFDT9hF34sYEB69V654lbdOfAqqeWkgnK0euUvvx/TVIA0lBOtuzU3MUFGlGGUw7TkpxoSQkdkAF1LJRGgg2x+9BSfWaWPo1jZkgbP1d8TGRFaT 0RoOwUxQ73szcT/vG5qoqsgYzJJDUi6WBSlHJsYzxLAfaaAGj6xhFDF7K2YDoki1NicSjaE2vLLq8SrV6+r7n2j0rzJ0yiiE3SKzlENXaImukMt5CGKntAzekVvzth5cd6dj0Vrwclnjt EfOJ8/WEWRXQ==</latexit><latexit sha1_base64="JIyvaB3vX+P5F0JVq3VV2ckvQZ0=">AAAB83icbVBNTwIxEO3 iF+IX6tFLIzHxhAshUW9ELx4xcYWE3ZBumYWGtru2XRKy4Xd48aDGq3/Gm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uHRo45TRcGjMY9VJyQaOJPgGWY4dBIFRIQc 2uHodua3x6A0i+WDmSQQCDKQLGKUGCsFDT9hF34sYEB69V654lbdOfAqqeWkgnK0euUvvx/TVIA0lBOtuzU3MUFGlGGUw7TkpxoSQkdkAF1LJRGgg2x+9BSfWaWPo1jZkgbP1d8TGRFaT 0RoOwUxQ73szcT/vG5qoqsgYzJJDUi6WBSlHJsYzxLAfaaAGj6xhFDF7K2YDoki1NicSjaE2vLLq8SrV6+r7n2j0rzJ0yiiE3SKzlENXaImukMt5CGKntAzekVvzth5cd6dj0Vrwclnjt EfOJ8/WEWRXQ==</latexit><latexit sha1_base64="JIyvaB3vX+P5F0JVq3VV2ckvQZ0=">AAAB83icbVBNTwIxEO3 iF+IX6tFLIzHxhAshUW9ELx4xcYWE3ZBumYWGtru2XRKy4Xd48aDGq3/Gm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uHRo45TRcGjMY9VJyQaOJPgGWY4dBIFRIQc 2uHodua3x6A0i+WDmSQQCDKQLGKUGCsFDT9hF34sYEB69V654lbdOfAqqeWkgnK0euUvvx/TVIA0lBOtuzU3MUFGlGGUw7TkpxoSQkdkAF1LJRGgg2x+9BSfWaWPo1jZkgbP1d8TGRFaT 0RoOwUxQ73szcT/vG5qoqsgYzJJDUi6WBSlHJsYzxLAfaaAGj6xhFDF7K2YDoki1NicSjaE2vLLq8SrV6+r7n2j0rzJ0yiiE3SKzlENXaImukMt5CGKntAzekVvzth5cd6dj0Vrwclnjt EfOJ8/WEWRXQ==</latexit>
2⇡/!2
<latexit sha1_base64="BajcULKVeST9jC1GuTrwFSgOBs4=">AAAB83icbVBNS8NAEN3 4WetX1aOXxSJ4qkkR1FvRi8cKxhaaUDbbSbt0dxN3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMUfBpwhPVjogGziT4hhkO7VQBERGH VjS8nfqtESjNEvlgximEgvQlixklxkphPUjZeZAI6JNuvVupujV3BrxMvIJUUYFmt/IV9BKaCZCGcqJ1x3NTE+ZEGUY5TMpBpiEldEj60LFUEgE6zGdHT/CpVXo4TpQtafBM/T2RE6H1W ES2UxAz0IveVPzP62QmvgpzJtPMgKTzRXHGsUnwNAHcYwqo4WNLCFXM3orpgChCjc2pbEPwFl9eJn69dl1z7y+qjZsijRI6RifoDHnoEjXQHWoiH1H0hJ7RK3pzRs6L8+58zFtXnGLmCP 2B8/kDVSeRWw==</latexit><latexit sha1_base64="BajcULKVeST9jC1GuTrwFSgOBs4=">AAAB83icbVBNS8NAEN3 4WetX1aOXxSJ4qkkR1FvRi8cKxhaaUDbbSbt0dxN3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMUfBpwhPVjogGziT4hhkO7VQBERGH VjS8nfqtESjNEvlgximEgvQlixklxkphPUjZeZAI6JNuvVupujV3BrxMvIJUUYFmt/IV9BKaCZCGcqJ1x3NTE+ZEGUY5TMpBpiEldEj60LFUEgE6zGdHT/CpVXo4TpQtafBM/T2RE6H1W ES2UxAz0IveVPzP62QmvgpzJtPMgKTzRXHGsUnwNAHcYwqo4WNLCFXM3orpgChCjc2pbEPwFl9eJn69dl1z7y+qjZsijRI6RifoDHnoEjXQHWoiH1H0hJ7RK3pzRs6L8+58zFtXnGLmCP 2B8/kDVSeRWw==</latexit><latexit sha1_base64="BajcULKVeST9jC1GuTrwFSgOBs4=">AAAB83icbVBNS8NAEN3 4WetX1aOXxSJ4qkkR1FvRi8cKxhaaUDbbSbt0dxN3N4US+ju8eFDx6p/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nZXVtfWNzdJWeXtnd2+/cnD4qJNMUfBpwhPVjogGziT4hhkO7VQBERGH VjS8nfqtESjNEvlgximEgvQlixklxkphPUjZeZAI6JNuvVupujV3BrxMvIJUUYFmt/IV9BKaCZCGcqJ1x3NTE+ZEGUY5TMpBpiEldEj60LFUEgE6zGdHT/CpVXo4TpQtafBM/T2RE6H1W ES2UxAz0IveVPzP62QmvgpzJtPMgKTzRXHGsUnwNAHcYwqo4WNLCFXM3orpgChCjc2pbEPwFl9eJn69dl1z7y+qjZsijRI6RifoDHnoEjXQHWoiH1H0hJ7RK3pzRs6L8+58zFtXnGLmCP 2B8/kDVSeRWw==</latexit> 2⇡/!3
<latexit sha1_base64="7+asLJIn7or8VZbTBu4ZNjHkTs4=">AAAB83icbVBNT8JAEJ3 iF+IX6tFLIzHxhAVN1BvRi0dMrJDQhmyXLWzYj7q7JSENv8OLBzVe/TPe/Dcu0IOCL5nk5b2ZzMyLEka18bxvp7Cyura+UdwsbW3v7O6V9w8etUwVJj6WTKp2hDRhVBDfUMNIO1EE8YiR VjS8nfqtEVGaSvFgxgkJOeoLGlOMjJXCepDQs0By0kfd82654lW9GdxlUstJBXI0u+WvoCdxyokwmCGtOzUvMWGGlKGYkUkpSDVJEB6iPulYKhAnOsxmR0/cE6v03FgqW8K4M/X3RIa41 mMe2U6OzEAvelPxP6+TmvgqzKhIUkMEni+KU+Ya6U4TcHtUEWzY2BKEFbW3uniAFMLG5lSyIdQWX14mfr16XfXuLyqNmzyNIhzBMZxCDS6hAXfQBB8wPMEzvMKbM3JenHfnY95acPKZQ/ gD5/MHVqqRXA==</latexit><latexit sha1_base64="7+asLJIn7or8VZbTBu4ZNjHkTs4=">AAAB83icbVBNT8JAEJ3 iF+IX6tFLIzHxhAVN1BvRi0dMrJDQhmyXLWzYj7q7JSENv8OLBzVe/TPe/Dcu0IOCL5nk5b2ZzMyLEka18bxvp7Cyura+UdwsbW3v7O6V9w8etUwVJj6WTKp2hDRhVBDfUMNIO1EE8YiR VjS8nfqtEVGaSvFgxgkJOeoLGlOMjJXCepDQs0By0kfd82654lW9GdxlUstJBXI0u+WvoCdxyokwmCGtOzUvMWGGlKGYkUkpSDVJEB6iPulYKhAnOsxmR0/cE6v03FgqW8K4M/X3RIa41 mMe2U6OzEAvelPxP6+TmvgqzKhIUkMEni+KU+Ya6U4TcHtUEWzY2BKEFbW3uniAFMLG5lSyIdQWX14mfr16XfXuLyqNmzyNIhzBMZxCDS6hAXfQBB8wPMEzvMKbM3JenHfnY95acPKZQ/ gD5/MHVqqRXA==</latexit><latexit sha1_base64="7+asLJIn7or8VZbTBu4ZNjHkTs4=">AAAB83icbVBNT8JAEJ3 iF+IX6tFLIzHxhAVN1BvRi0dMrJDQhmyXLWzYj7q7JSENv8OLBzVe/TPe/Dcu0IOCL5nk5b2ZzMyLEka18bxvp7Cyura+UdwsbW3v7O6V9w8etUwVJj6WTKp2hDRhVBDfUMNIO1EE8YiR VjS8nfqtEVGaSvFgxgkJOeoLGlOMjJXCepDQs0By0kfd82654lW9GdxlUstJBXI0u+WvoCdxyokwmCGtOzUvMWGGlKGYkUkpSDVJEB6iPulYKhAnOsxmR0/cE6v03FgqW8K4M/X3RIa41 mMe2U6OzEAvelPxP6+TmvgqzKhIUkMEni+KU+Ya6U4TcHtUEWzY2BKEFbW3uniAFMLG5lSyIdQWX14mfr16XfXuLyqNmzyNIhzBMZxCDS6hAXfQBB8wPMEzvMKbM3JenHfnY95acPKZQ/ gD5/MHVqqRXA==</latexit>
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FIG. 1. (a-c): The original data of density oscillation of
a Bose-Einstein condensate from three different detectors.
Three different eigen-modes obtained by the ICA method (d-
f), by our s-ICA method at the first round (g-i); and by the
s-ICA method at the second round (j-l).
lyze the collective oscillations of a Bose-Einstein conden-
sate (BEC) of cold atoms in a harmonic trap, which is
a very common experimental measurement in cold atom
experiments[6]. We first describe how we generate sim-
ulated data. We first consider an equilibrium Thomas-
Fermi density distribution
n0(r) =
µ− V (r)
g
Θ(n0(r)), (9)
where Θ(x) = max(0, x/|x|) is the Heaviside function,
and for simplicity, we consider a two-dimensional geome-
try with a harmonic trap V (r) = mω2⊥(x
2+y2)/2 and ω⊥
being the trapping frequency. µ is the chemical potential
that later will be adjusted to satisfy the total number
of atom conservation condition at any given time, and
the total number of atom is chosen as N = 103 in our
simulation. g is the interaction strength, and we here set
~ = 1, m = 1, ω⊥ = 1 and g = 10. We consider that
three different modes are excited, and they are
δn1 = x cos(ω1t), (10)
δn2 = (x
2 − y2) cos(ω2t) (11)
δn3 = (x
2 + y2) cos(ω3t), (12)
which are the dipole mode, the quadrupole mode and
the breathing mode, with their frequencies being ω1 = 1,
ω2 =
√
2 and ω3 = 2, respectively[7, 8]. We also add
noise that varies at different spatial location and different
time, denoted by (r, t). Then the simulated data of the
z
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FIG. 2. The cumulants as a function of z. The solid line is for
signal sref as a perfect single frequency oscillation. The yellow
circles denotes the cumulants for signal obtained by the ICA
method. The blue square and the green rhombus denote the
cumulants for signals obtained by our s-ICA method at the
first and the second rounds, respectively.
real time density dynamics is given by
n(r, t) =
(
n0(r) +
3∑
i=1
fiδni + (r, t)
)
Θ(n(r, t)). (13)
where fi (i = 1, 2, 3) denotes the amplitudes of the three
modes.
Here we shall also note that, although x, x2 − y2 and
x2 + y2 initially are three functions orthogonal to each
other, due to the boundary condition imposed by the
Heaviside function and the atom number conservation
condition, they are no longer orthogonal. Thus, the
method like the principle component analysis[9] also does
not work very well in this case.
Now we will use the ICA method and our s-ICA
method to separate out each δni from data n(r, t) given
by Eq. 13 with f1 = 0.2, f2 = 0.2 and f3 = 0.2, and 
uniformly distributed in the range [−0.1, 0.1]. Here we
only require short-time information of couple oscillation
periods, and in fact, for this application another advan-
tage is that we only need information from few spatial
points. Let us consider three locations denoted by r1, r2
and r3, and the density dynamics at these points play
the role as detectors. Their density dynamics all contain
these three frequencies but the coefficients are different
because it depends on the spatial locations. We plot
n(ri, t) (i = 1, 2, 3) in Fig. 1(a-c), which show irregular
temporal behaviors. The goal of ICA or s-ICA is to find
out a proper combination of them that exhibits the single
frequency oscillatory behavior.
In Fig. 1(d-f), we show the results of the ICA method.
We can see that the quality of results are not very good.
In Fig. 2, we also show the cumulants calculated for
the signal of Fig. 1(e), and one can clearly see that it
derivates from K[sref, z]. This means that although the
signal obtained by the ICA possesses certain feature, it
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FIG. 3. The oscillation amplitudes at different spatial points.
(a): C0(x, y); (b): C1(x, y); (c): C2(x, y); (d): C3(x, y); See
text for the definition of these quantities.
is not yet a perfect single frequency oscillation.
In Fig. 1(g-i), we show the results of the s-ICA method.
The results are also not perfect, and the cumulants for
the signal of Fig. 1(h) is also shown in Fig. 2 to com-
pare with K[sref, z], and one can see the the discrepancy
still exists. Nevertheless, by fitting these signals, one
can obtain ω
(1)
1 = 0.987, ω
(1)
2 = 1.427 and ω
(1)
3 = 1.934.
Next, we perform statistics for two period of time dura-
tion 4pi/ω
(1)
1 and obtain the result shown in Fig. 1(j),
with which we obtain a new frequency ω
(2)
1 = 0.996, and
it only differs from the real value by 0.4%. For perform-
ing statistics, we have taken 400 points in this time in-
terval. Similarly, we preform statistics for time duration
of 4pi/ω
(1)
2 , or for time duration of 4pi/ω
(1)
3 , and obtain
results shown in Fig. 1(k) and Fig. 1(l), respectively,
with which we determine ω
(2)
2 = 1.407 and ω
(2)
3 = 1.989.
These results are also very close to the actually value with
only 0.48%, 0.51% deviation. The cumulants for the sig-
nal of Fig. 2(h) also agrees perfectly with K[sref, z], as
shown in Fig. 2. And here we use the optimization pro-
cesses to minimize the loss function Eq. 8 with Newton’s
method.
Here we should note that so far we only obtain the
frequency but can determine neither the amplitude nor
the damping rate. In fact, both ICA and our s-ICA have
a problem that the amplitude can not be uniquely de-
termined. In fact, signals Fig. 1 (j-l) are all distributed
between [−√2,√2] because the data n(ri, t) (i = 1, 2, 3)
have been preprocessed to be zero mean and unity vari-
ance. For instance, to obtain the amplitude, we will per-
form another fitting. Here we consider density dynamics
from all spatial points without pretreatment, that are
n(r, t) = C0(r) +
3∑
i=1
Ci(r) cos(ωit). (14)
Now all ωi are already known from the s-ICA analysis.
For each r point, there are only four fitting parameters
Ci(r) (i = 0, . . . , 3) to fit data points of a sequence of t.
The results of the fitting are shown in Fig. 3 which re-
veal the spatial information of each modes. In this case,
Fig. 3(a) is the background. Fig. 3(b) shows positive
amplitude in one side and negative amplitude in another
side, which changes the BEC’s center-of-mass and is the
dipole mode. Fig. 3(c) have two nodal lines and con-
centrates at the surface, and it is the quadruple mode.
Fig. 3(d) shows negative amplitudes at the center and
positive amplitudes in outside, which changes the BEC’s
side and is the breathing mode[8]. With similar fitting,
we can also determine the damping rate of each mode.
Outlook. In summary, in this work we have developed a
generalized ICA method to extract the eigen-energy of a
quantum system from a dynamical probe. This method
has advantage over other methods such as the Fourier
transformation or fitting in the situation that only data
of short period of time is available and is quite irregular,
but our method requires accumulation of sufficient data
during the time interval of few oscillation period that al-
lows preforming accurate statistics. This is actually quite
common situation in many quantum physics experiments
and therefore we believe our method can find wide appli-
cation in future data analysis.
Another remark is that, although the system consid-
ered here is a quantum one, the data is the expectation
value of certain observable and is a class one. It may
also find its application beyond physics problems. It is
of great interest to consider the quantum data and the
quantum analogy of the “cocktail party problem”, and to
see whether the similar ICA method can work there[10].
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